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Abstract—In this paper the identification of both 
linear and non-linear parametric models of the 
river-flow system are investigated. Models relating 
rainfall and river-flow at three stations are 
estimated using NARMAX (Non-linear 
Autoregressive Moving Average with eXogenuous 
input) models. The Orthogonal Least Squares 
(OLS) algorithm was used to estimate the 
parameters and detect the system structure. The 
identification of linear and non-linear models are 
described to represent the relationship between 
local rainfall and river-flow at stations 1 and 2 
located along the two rivers (inputs) and river-flow 
at the third station located along the third river 
(output) of the river-flow system. 

 
Index Terms— Modeling, Stochastic, River-flow, 
Water management, Identification, NARMAX, Non-
linear, Orthogonal, Least Square 

1. INTRODUCTION 
he study of hydrology has a long history and 
is of immense importance because of its 
potential impact on agriculture, industry, 

environment, navigation, and the production of 
energy. Accurate predictions of river-flow (runoff) 
are important for the management of river-flow 
networks and water resources in general [1].  

River-flow forecasting for a downstream 
catchment area is usually based on the 
discharge hydrography observed further 
upstream on the catchment. These hydrographs 
already reflect the integrating action of the 
rainfall-flow process, and their availability 
removes the need for further consideration of the 
complex processes involved on the relevant 
upstream subsections of the catchment. 

The forecasting problem then becomes mainly 
one of routing either single or multiple observed 
flow hydrographs through the channel system, 
with some correction for rainfall on the 
intervening catchment [2]. However, the main 
problem in water management arises from 
rainfall that relates inflows to the system [3], and 
there exists a strong non-linear relationship 
between rainfall and flow in typical river 
catchments. These non-linearities originate from 
the following sources. 

• The complexity of internal system behavior 
arising from dynamic and multidimensional 
interactions that is physical, and possibly 
chemical and biological. 

• Interactions may occur in several medium,  
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each of which is heterogeneous. These media 
are likely to have quite different characteristic 
time and space scales to others in the system. 

The complexities mentioned above will lead to 
inaccuracy in predicting the system. To improve 
the quality of the models, the concept of effective 
rainfall is taken into account. The effective rainfall 
is produced by a non-linear rainfall filter (RF) 
which is used to provide a transformation [4]. 
This transformation allows linearization of the 
rainfall river-flow relationship by considering only 
that part of the rainfall available to contribute to 
the river-flow during the period of interest. 

This study uses a totally different technique, 
the NARMAX method, to develop a model to 
describe the river-flow network system which is 
based on linear and nonlinear system 
identification methods. The model is estimated 
directly using input/output data only. In this way a 
concise mathematical description of the system 
can be built which can then be used as a basis 
for prediction and analysis. The major advantage 
of using the identification technique described in 
this study is its ability to model complex systems 
that are difficult to describe using conventional 
approaches. Once the response data are 
available, the model can be rapidly developed 
and validated, and then be used to represent the 
river-flow network system. 

2. RAINFALL AND RIVER-FLOW MODELING AND 
METHODOLOGIES  

Many rainfall and river-flow systems have been 
studied using various approaches for modeling 
and there now exists an extensive range of 
predictive models in hydrology. Most of these 
have evolved pragmatically in response to 
practical situations and consequently are difficult 
to apply in all of the cases. Therefore, a number 
of hydrological models including Physical [1], 
Threshold [5, 6], Data-Based Mechanistics [7], 
NARMAX, and Neural network models have 
been proposed.  

2.1 NARMAX Model 
A wide class of discrete time multivariable non-
linear stochastic systems (e.g. water 
management systems) can, under mild 
assumptions, be represented by the NARMAX 
model. The output m input r  system can be 
described as: 
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where y(k), u(k), and ξ(k) represent the output, 
input, and noise, respectively; nk, ny, and nξ are 
the numbers of lags in the input, output, and 
noise; d, l are the system time increment, time 
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delay, and degree of nonlinearity respectively. 
ξ(k) is zero mean white noise sequence; a  is the 
constant vector term to accommodate the system 
F[.] mean level, and is some vector value non-
linear function. 
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represent the system output, input and prediction 
error respectively; A typical ith row may be taken 
for equation (1) and different values of the model 
structure selection that is maximum lags for each 
output, input, and noise may be assigned so that 
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 The non-linear form of [.]lF in equation (2) can 
be very wide, and the Volterra, Wiener, bilinear 
models are subsets of this representation. In the 
present study only polynomial expressions will be 
considered. 
When 1== rm  the model of equation (2) 
reduces to the single-input single-output case: 
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which is called NARMAX model (Non-linear Auto-
Regressive Moving Average model with 
eXogenous input) [8,9]. An orthogonal least 
squares (OLS) algorithm [10] is then used to 
estimate the parameters of the model. 
Applications of this technique have been carried 
out by the authors [11-13].  

Here the NARMAX model will be used to 
include both single-input single-output and multi-
input multi-output cases. Once the significant 
terms have been identified and estimates of the 
associated parameter values have been 
obtained, then it is important to examine whether 
the model has successfully captured the system 
dynamics. This can be achieved using the one-
step ahead predictions, model predicted output, 
correlation tests, and cross validation tests in 
order to give some ideas regarding the goodness 
of the fitted model. The one-step ahead 
prediction of the output is defined as: 
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where [.]ˆ lF  is the estimate of [.]lF  and 

)ˆ,( θξ k is the residual given by 

)5()(ˆ)()ˆ,( kykyk −=θξ
The model predicted output is defined as 
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 Each of these tests provides useful information 
on the properties and validity of the estimated 
model. But it is also important to check that the 
identified model is unbiased and does adequately 
describe the system. This can be achieved by 
noting that when the system is non-linear the 
residuals should be unpredictable from all linear 
and non-linear combinations of past inputs and 
outputs. This will be true if the following 
correlation tests are satisfied: 
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Where )]()([)( kbkaEab ττϕ −=  and the   dash 
indicates that the mean has been removed. 
Estimated models are usually validated using an 
independent set of data called the validation data 
(test set). This is usually referred to as cross 
validation. The output from the model and the 
system are compared when they are run with the 
same input. 

The NARMAX method is designed to 
determine both the model structure and estimate 
the unknown parameters. This approach ensures 
that the models obtained are as simple as 
possible to represent the underlying system and 
often the models identified can be related back to 
the system under study. The models obtained 
are therefore transparent and can be readily 
mapped into the frequency domain or analyzed 
using other well known approaches. NARMAX is 
therefore often applied to data sets where the 
user wishes to relate the final model back to 
earlier models developed by other methods such 
as analytical models, or wishes to analyze the 
system characteristics to reveal the fundamental 
system behaviors. The disadvantage of the 
NARMAX approach is that the user needs to 
have skills in system identification to apply these 
methods. Neural networks in comparison are 
easy to use but they almost always produce 
models that are opaque and which are difficult to 
write down and analyze. These models therefore 
are excellent for prediction but cannot easily be 
related back and analyzed in relation to the 
underlying system characteristics. 
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3. ANALYSIS OF THE SYSTEM 

3.1 System Description 
The system under investigation consists of two 

river-flow systems merging at a point to create a 
third river-flow system. Three gauging stations 
are located along the three river Sub-basin. The 
drainage area between stations 1, 2 and 3 is 3.7 
squares miles. The outflow at station 3 is based 
on the flow at station 1 and station 2 and on the 
rainfall on the average rain-gauging station 
spread over the intervening catchment areas of 
stations 1 and 2. The 4 inputs to the models are 
the flows at station 1 and 2, and local rain at 
station 1 and 2, and the output is the outflow at 
station 3. Therefore the system can be treated as 
a 4-input single-output system. 

3.2 Data Analysis 
The analysis began by investigating the 

characteristics of the data. The procedure for 
analyzing the statistical properties of time series 
is presented as power spectral density analysis, 
auto-correlation analysis, cross-correlation 
analysis, mean analysis, and non-stationary 
analysis. The monthly mean of the flows at 
station 1, 2, and 3, and the monthly mean of 
rainfall at station 1 and 2 were observed. For 
weakly stationary processes, the mean value is a 
constant and the auto-correlation function is 
dependent only on the time displacement ז. 
Inspection of the results revealed that the data 
sets can be considered as non-stationary since 
the mean varies widely over time in an arbitrary 
fashion [14-17]. 

The above statistical analysis suggested that 
the rainfall data sets are not well correlated and 
that there may be significant non-stationarity in 
the data. Hence, before the samples of data are 
used for modeling, it is essential to pre-process 
the data. Pre-processing involved shifting the 
data, removing the means, data decimation, 
and/or use of proper rainfall filters [4-7], [18].The 
data used in the modeling analysis were taken 
from years 1967 and 1968 and the data from 
1969 was used as a test set. 

4. SYSTEM IDENTIFICATION AND MODEL 
VALIDATION 

Although the actual system is a multi-input 
single-output system, it is often worth fitting 
single-input single-output linear and nonlinear 
models to the data initially. The single-input 
single-output model fitting will provide a priori 
knowledge about the maximum number of lags 
for the multi-input single-output model. 

4.1 Single-Input Single-Output Models 
Single-input single-output model fitting can be 

divided into four cases namely, linear models 
between station 1 and 3 using firstly the original 
data and then the transformed data, a non-linear 
model between the flow at station 1 and 3, and 
an effective rainfall flow model between rainfall at 
station 1 and the flow at station 3. Years 1967, 

1968 data sets were used as the estimation data 
set to build the model and 1969 data set was 
used as the test set to validate the estimated 
model. 

4.2 Rainfall-flow Model 
The modeling of a rainfall-flow processes is a 

major task for hydrologists who require such 
models for applications such as flood forecasting, 
wastewater flow rate forecasting, and water table 
elevation prediction and such models have 
received considerable attention in the 
hydrological literature [1], [11,12], [19-21]. 
However, the rainfall-flow process is clearly 
dynamic, with non-linear characteristics. Since 
the 'antecedent' rainfall conditions clearly affect 
the subsequent flow behavior, the physical 
process involved should be non-linear. In 
particular, if the prior rainfall has been sufficient 
to thoroughly wet the soil in the catchment area 
then river-flow will be significantly higher than the 
condition when the soil had been dried out due to 
lack of rainfall. Such 'soil moisture' nonlinearity is 
well known in hydrology, and various models 
have been proposed in the past based on the 
antecedent precipitation index approach [2] to 
construct large deterministic catchment 
simulation models such as the Stanford 
watershed model. 

The non-linear rainfall filter [5] can be used to 
produce a rainfall excess or 'effective rainfall' 
which takes into account both short-term 
conditions, mainly the soil moisture status, and 
long term effects such as evapotranspiration and 
storage. The rainfall filter model involves three 
simple operations  
(i)  A modulation of the measured rainfall r(k) at 
time step k by a temperature dependent factor to 
compensate for evapotranspiration losses. This 
is given by 

)8()()()( 1 krtttkr kmm −= −∗  
(ii)  An adjustment which allows for antecedent 
precipitation effects on the soil moisture 

)9()1()(()1()( 1 −−+−= ∗− kskrksks τ  
iii) The effective rainfall 

)10()()(.)( kskrConstkue
∗=  

where r(k) is the rainfall, s(k) is a measure of soil 
moisture, (tm- tk ) is the difference between the 
overall maximum temperature tm, and the 
monthly mean temperature tk, for the month in 
which the kth observation is taken, r*(k) is a 
transformed measure of rainfall which allows for 
temperature induced evapotranspiration effects, r 
is a constant to be optimized. This is an optimum 
estimate of the time constant, which is introduced 
to exponentially weight the past effects of 
antecedent precipitation index, which is obtained 
by an interactive optimization procedure. 

The success of the modeling technique of [2,5] 
critically depends on the information regarding 
the temperature and moisture of the soil. 
However, in certain cases due to practical 
limitations the possibilities of obtaining the 
information about the temperature and moisture 
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are difficult. An alternative method proposed by 
[8] can be used when no information concerning 
temperature and moisture is available.  
4.2.1 Effective Rainfall flow Model 
The effective rainfall ue(k) is  defined as the 
product between the observed rainfall r(k) and 
the delayed flow )( δ−ky  . The overall 
relationship between the effective rainfall ue(k)  
and the flow y(k) is given by the following 
'bilinear' model  

)(kue = )(kr )8()( δ−ky                                      

)9()()](/)([)( 11 kuzazbky enmd
−−=  

)10()()()( kkyky d ξ+=  
Where yd(k) is the deterministic, noise-free output 
of the system model and )(kξ are the noise 
terms.  

A rainfall filter technique as mentioned above 
was used to generate effective rainfall data. 
Experience with such a model suggests that the 
best value for the delay δ in equation (8) is 2. A 
model was fitted taking the effective rainfall at 
station 1 as input and flow at station 3 as output. 

The model was estimated for an initial 
specification of l=1, nu=2, ny=6, and nξ=10.The 
input to the model is the effective rainfall which is 
defined as the product between the measured 
rainfall and the delay river-flow as emphasized in 
equation (8). Therefore the relationship between 
effective rainfall and river-flow is the bilinear non-
linear model. Comparing the one-step ahead 
model output and system output revealed that 
the model output was perfectly superimposed on 
the data set of the system output. Inspection of 
the one-step ahead predicted output equation (4) 
suggested that this may not be a good metric to 
use for prediction. At each step the model is 
effectively reset by inserting the appropriate 
values of the right hand side in equation (4). Any 
errors in the prediction are therefore reset at 
each step and consequently even a poor model 
can produce reasonable one-step ahead 
predictions. In reality the generated model (the 
predicted output) should be used to predict the 
system response into the future or over different 
data sets. The model predicted output as defined 
in equation (6) which is a far better indicator of 
the model performance can be used in these 
situations. The model predicted output was 
shown to be reasonable except around data point 
250 where the flow rapidly changes. The model 
validity tests are shown to be acceptable.  

The model was then used to predict over the 
next year (1969) data set. The plots of the 
predicted output over the prediction data set 
illustrated (Figures 1 and 2) that the model was 
reasonable, because the basic trend was 
followed. 
4.3 Multi-Input Single-Output Modeling  

There are four inputs and a single output for 
this system. The first input, u1 is the flow  at 
station 1, the second input, u2 is the flow station 
2, the third input, u3 is the local rain at station 1, 

and the fourth input, is u4 the local rain at station 
2. The flow at station 3 is defined as output y1. 

 

 
4.3. 1 Linear Multi-Input Single-Output Model 

The investigation of single-input single-output 
models presented before suggested that there 
may be benefits in transforming the data before 
fitting a model. This was investigated, and 
improved single-input single-output linear model 
were developed. The model was estimated over 
the data set for an initial model specification of 
l=1, nu(t-4) = ny = nζ = 15.The model predicted 
output was in agreement with the data set of the 
system output. This model was then used to 
predict over the next years data set and the 
model predicted output followed the data quite 
well. The model validity tests illustrated some 
correlations outside the 95% confidence band 
suggesting that there are probably missing terms 
in the model. The next stage in the modeling 
process was to increase the degree of 
nonlinearity to obtain a second order non-linear 
multi-input single-output model. 
4.3.2 Non-linear Multi-Input Single-Output Model 
Although the model predicted output and model 
validation tests looked good for the linear model 
so far, the validity tests, on the other hand, were 
still outside the confidence limits indicating that 
the estimation may be biased. The introduction of 
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non-linear multi-input single-output models was 
therefore considered to see if there would be any 
improvement in the modeling. 

 
The estimated model was observed for an 

initial specification of l=2, nu(t-4) = ny = 12 and nζ = 
17, The model predicted output superimposed on 
the system output is shown in Figure 3. The 
model was used to predict over the test data set 
(1969) and this is shown in Figure 4. 

The model validity tests indicate that the model 
is now acceptable. Although )(2 k

u ξ
ϕ ′  and 

)(22 τϕ
ξ ′′u

are still slightly outside the confidence 

bands at higher lags, the contributions of these 
effects are perhaps insignificant as illustrated by 
the good model predicted output superimposed 
on the actual one as shown in Figure 3 and 4. 

5. CONCLUSION 

Models have been estimated using an 
orthogonal least square (OLS) algorithm. The 
error reduction ratio test and model validity tests 
which were used to construct a valid model, and 
comparison of the model predicted output with 
the actual system output over both the estimation 
and test data sets were employed to measure the 
model performance. The statistical properties of 
the data have been fully analyzed to get a priori 
knowledge of system in providing valuable 

information during system modeling. Several 
river-flow models including both linear and non-
linear models have been fitted to the river-flow 
data and the predictive performance of the final 
model is quite satisfactory. 

Fitting a good model using rainfall flow data is 
more difficult compared with river-flow data. The 
effective rainfall concept offers a possible 
solution to get a good model from the rainfall 
data. Models have been fitted using this concept 
to give some improvements to the model. 
However, the model validity tests suggested that 
there were missing model terms. This may be 
due to the difficulty involved in fitting models to 
rainfall flow data in which there are so many 
unknown factors, for example temperature, soil 
moisture, evapotranspirative parameter, etc. 

Finally, a multi-input single-output system 
model was fitted. Although )(2 τϕ

ξ′u
and 

)(22 τϕ
ξ ′′u

were still just outside the confidence 

bands at higher lags, the contributions of these 
effects are perhaps insignificant. The excellent 
model predicted output and cross validation tests 
reveal that the multi-input single-output second 
order NARMAX model could be used to 
sufficiently represent the multi-input single-output 
river-flow system.  
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